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, (x, t) ∈  × (0, T ),
is considered. The paper ﬁrst shows that the solution of the equation may be free
from the limitation of the boundary value condition. The key is to determine the
portion of the boundary on which we can impose the homogeneous boundary
value. By introducing a new kind of entropy solution matching the partial boundary
condition, the existence of the solution is obtained by the parabolic regularization
method, and the stability of the solutions is obtained by Kruzkov’s bi-variables
method combined with an elegant partition technique.
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1 Introduction











, in QT = × (,T), (.)
where  ⊂RN is an open bounded smooth domain, (aij) is a symmetric matrix with non-
negative characteristic values, i.e. for any ξ ∈RN ,
aij = aji, aijξiξj ≥ ,
and we specially assume that
aij(,x, t) = , i, j, = , , . . . ,N . (.)
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the equation in the boundary layer theory,
wwηη –wτ – ηUwξ +Awη + Bw = , (.)
where A, B are two known functions derived from the Prandtl system, one may refer to []
for details. Clearly, equation (.) is of a hyperbolic-parabolic mixed type and might have
a discontinuous solution. For the Cauchy problem of equation (.), whether it is weakly
degenerate or strongly degenerate is a question that has been deeply investigated. For the
initial-boundary value problem of equation (.), we know that the initial value condition
is always necessary,
u(x, ) = u(x), x ∈ . (.)
But the question is whether can we impose the Dirichlet homogeneous boundary condi-
tion
u(x, t) = , (x, t) ∈ ∂ × (,T) = × (,T), (.)









, in QT , (.a)
where d(x) = dist(x, ∂) is the distance function from the boundary, α >  is a constant.
Suppose equation (.a) has a classical solution. For any given positive integerm, let gm(s)
be an odd function. When s≥ , it is deﬁned as
gm(s) =
{
, s > m ,
mse–ms , s≤ m .
If u and v are two classical solutions of equation (.a) with the initial values u, v, respec-





















































where n = {ni} is the inner unit normal vector of . Let m→ ∞. Then we have
∫






Zhan Boundary Value Problems  (2016) 2016:15 Page 3 of 36
It means that the classical solutions (if there are any) of equation (.a) are completely de-
termined by the initial value and free from the limitation of any boundary value condition.
Now, we will give a brief introduction of the related works on equation (.). Supposed
that a(u,x, t) ≡ a(u), when the equation is weakly degenerate, it is well known that one
can impose the Dirichlet homogeneous boundary condition (.), one may refer to the
book [] and the references therein. When the equation is strongly degenerate, there are
two ways to deal with the corresponding problem, we simply call them as the Chinese
way and the international way, respectively. The Chinese way is based on the BV analysis
technique, it directly answers whether (.) is overdetermined or not. In general, instead
of the whole boundary ∂, only a portion of the boundary p ⊆ ∂ on which the trace of
u can be endowed in the traditional way,
u(x, t) = , (x, t) ∈ p × (,T). (.)
The representative works by Wu-Zhao [, ] were accomplished in the early s, for
later work, one may refer to [].While in the international way, the boundary value condi-
tion is not directly shown in the traditional way as (.), it is elegantly implicitly contained
in family entropy inequalities.Moreover, the entropy solutions deﬁned in the international
way are only in L∞ space, the existence of the traditional trace (whichwas called the strong
trace in []) on the boundary is not guaranteed, so the boundary value condition is sat-
isﬁed in a weaker sense than that of the traditional way; one may refer to [–] and the
references therein for details. A more explicit comment on the international way will be
supplemented in Appendix  of our paper.
The advantage of theChineseway lies in the fact that one canﬁgure out onwhich portion
of the boundary should be imposed the boundary value, whereas the rest of the boundary
is free from any limitation.
Very recently, if the domain  =RN+ is the half space of RN , in the Chinese way, we []
studied the initial-boundary value problem of the following equation:
∂u




, (x, t) ∈RN+ × (,T). (.)
We have proved that if b′N () < , we can impose the general Dirichlet boundary condition
u(x, t) = , (x, t) ∈ ∂RN+ × (,T) = × (,T), (.)
which is satisﬁed in a particular weak sense. But if b′N () ≥ , then no boundary condi-
tion is necessary, the solution of the equation is free from any limitation of the boundary
condition.
In this paper, we continue to research how to impose a suitable homogeneous boundary
condition as (.) in the Chinese way. Let us give the explicit formula of p in (.) ﬁrst.
Let n = {ni} be the inner unit normal vector of ∂. For any η > , ∀k ∈ R, for any given
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ηk ,  =\. (.)
Now, we will show that we can choose the explicit displayed formula of p in (.) as ,
and choose the suitable boundary condition as
u(x, t) = , (x, t) ∈  × (,T), (.)
and we will give a new kind of entropy solution to match (.) in a special weak sense.
Let Sη(s) =
∫ s





)+. The purpose of Sη is to
approximate the sign function sgn(s). Obviously hη(s) ∈ C(R), and
hη(s)≥ ,
∣∣shη(s)
∣∣ ≤ , ∣∣Sη(s)
∣∣ ≤ ;
lim




Deﬁnition . A function u is said to be the entropy solution of equation (.)-(.)-(.),
if




gi(x, t)ϕ(x, t)dxdt =
∫∫
QT
γ̂ ij(u,x, t)ϕ(x, t) ∂u
∂xj
dxdt, (.)
where ϕ(x, t) ∈ L(QT ), (γ ij) is the square root of (aij), and





su+ + ( – s)u–,x, t
)
ds.
. For any ϕ,ϕ ∈ C(QT ), ϕ ≥ , ∇ϕ| = , ϕ|∂×[,T] = ϕ|∂×[,T], and




Iη(u – k)ϕt – Biη(u,x, t,k)ϕxi +Aijη(u,x, t,k)ϕxixj






































bi(,x, t) – bi(k,x, t)
]
niϕ dt dσ ≥ . (.)
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. The boundary value is satisﬁed in the sense of the trace,
γu|ηk×(,T) = . (.)





∣∣u(x, t) – u(x)
∣∣dx = . (.)















Let η →  in (.). InAppendix  of our paper, we can see that ifu is the entropy solution
in Deﬁnition ., then it is an entropy solution as deﬁned in [–].
We will prove the following theorems.
Theorem . Suppose u(x) ∈ L∞()∩C(), Aij(s,x, t) is C, bi(s,x, t) is C, and
aij(,x, t) = , (x, t) ∈QT ,









Then equation (.)with the initial-boundary condition (.)-(.) has an entropy solution
in the sense of Deﬁnition ..
Theorem . Suppose Aij(s,x, t) is C and bi(s,x, t) are C. Let u, v be solutions of equation
(.) with the diﬀerent initial values u(x), v(x) ∈ L∞(), respectively. Suppose there is a
constant δ such that
∣∣γ ik(·,x, ·) – γ ik(·, y, ·)∣∣ ≤ c|x – y|+δ . (.)
Suppose that
γu(x, t) = f (x, t), γ v = g(x, t), (x, t) ∈  × (,T), (.)
and in particular
γu = γ v = , x ∈ , (.)
suppose that the distance function d(x) = dist(x,) satisﬁes
|dxixj | ≤ c, x ∈ λ, (.)
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when λ is small enough, and λ = {x ∈ ,d(x, ∂) < λ}. Then
∫

∣∣u(x, t) – v(x, t)∣∣dx≤
∫

|u – v|dx + ess sup
(x,t)∈×(,T)
∣∣f (x, t) – g(x, t)∣∣, (.)
where (x, t) ∈ RN+, ess sup(x,t)∈×(,T) |f (x, t) – g(x, t)| is in the sense of N-dimensional
Hausdorﬀ measure.
Remark . If the two solutions in Theorem . are the viscous solutions of (.), i.e.,
u = lim
ε→uε , v = limε→ vε ,









+ εw + ∂bi(w,x, t)
∂xi
, in QT , (.)
with the homogeneous boundary value (.) and with the diﬀerential initial values u, v,
respectively. Then f , g in (.) is identical to  too. So (.) can be simpliﬁed to
∫

∣∣u(x, t) – v(x, t)∣∣dx≤
∫

|u – v|dx, (.)
when u and v are two viscous solutions of equation (.).
If aij(s,x, t) ≡ aij(s), bi(s,x, t) ≡ bi(s), the above deﬁnition and the theorems had been
obtained by the author in []. Comparing with [], the essential improvement lies in the
following two points. First, when we prove the existence of the entropy solution, we need
to add the condition (.), and the corresponding calculation becomes more diﬃcult and
some special techniques are used. Second, due to aij(s,x, t) and bi(s,x, t) being dependent
on (x, t) ∈ QT , when we discuss the stability of the entropy solution, to ensure Kruzkov
bi-variables the method still can be used successfully; not only does it take us much time




ω′h(s)s+δ = , (.)
where ωh is the usual molliﬁer function. Moreover, some elegant partition techniques are
ingeniously combined with Kruzkov bi-variables method, the corresponding calculation
is much more complicated than that of [] too.
The paper is arranged as follows. In the ﬁrst section, we give the basic deﬁnition and
the main results. In the second section, we give some basic concepts and properties of
BV function, some lemmas are introduced and the needed estimate of the gradient of
the approximate solutions is obtained, Theorem . is proved. In the third section, we
will prove the stability of the entropy solutions by the Kruzkov bi-variable method. In the
fourth section and the ﬁfth section, we give a supplement to prove a lemma and a formula
used before. In Appendix , we give a reasonable explanation of the boundary condition
(.). In Appendix , we give some comments on Deﬁnition ..
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2 BV solution of the equation
Let us ﬁrst introduce the concept of BV function according to Ref. [].
Deﬁnition . Let  ⊂Rm be an open set and let f ∈ L(). Deﬁne
∫

|Df | = sup
{∫






∣∣g(x)∣∣ ≤ ,x ∈ 
}
, (.)









We deﬁne BV() as the space of all functions in L() with bounded variation.
This is equivalent to the idea that the generalized derivatives of every function in BV()
are regular measures on . Under the norm




BV() is a Banach space.
Proposition . (Semicontinuity) Let  ⊆Rm be an open set and {fj} a sequence of func-
tions in BV() which converge in Lloc() to a function f . Then
∫






Proposition . (Integration by part) Let
C+R =B(,R)× (,R) =BR × (,R)







∣∣f (z) – f +(y)∣∣dz = .
Moreover, if CR =BR × (–R,R), then for every g ∈ C(CR;Rm),
∫
C+R






f +g dHm–, (.)
where Bρ = {x ∈Rm; |x| < ρ}.
Remark . The function f + is called the trace of f on BR and obviously
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In our paper, we consider the solution of equation (.) in BV(QT ), where QT =  ×
(,T), and the dimension of QT ism =N + .
Let u be the set of all jump points of u ∈ BV(QT ), v = (v, v, . . . , vN , vN+) be the normal
of u at X = (x, t), u+(X) and u–(X) be the approximate limits of u at X ∈ u with respect
to (v,Y – X) >  and (v,Y – X) < , respectively. For the continuous function p(u,x, t) and






τu+ + ( – τ )u–,x, t
)
dτ , (.)
which is called the composite mean value of p. For a given t, we denote by tu, Ht ,
(vt, . . . , vtN ), and ut± all jump points of u(·, t), the Hausdorﬀ measure of tu, the unit nor-
mal vector of tu, and the asymptotic limit of u(·, t), respectively. Moreover, if f (s) ∈ C(R),
u ∈ BV(QT ), then f (u) ∈ BV(QT ) and
∂f (u)
∂xi
= f̂ ′(u) ∂u
∂xi
, i = , , . . . ,N . (.)
Lemma . ([]) Assume that  ⊂ RN is an open bounded set and let fk , f ∈ Lq(), as
k → ∞, fk ⇀ f weakly in Lq(), ≤ q <∞. Then
lim
k→∞
inf‖fk‖qLq() ≥ ‖f ‖qLq().
The solution of our problem will be obtained as a limit point of the family {uε} of solu-









+ εu + ∂bi(u,x, t)
∂xi
, in QT , (.)
with the compatible initial-boundary values (.)-(.).
Lemma. ([]) Let uε be the solution of equation (.)with initial-boundary values (.)-

















with constants ci, i = ,  independent of ε.
Under the assumptions of A, bi and u in Theorem ., it is well known that there is a
classical solution uε of the initial-boundary values problem (.)-(.)-(.), e.g. one may
refer to Chapter  of [].
We need to make some estimates for uε . First of all, by the maximum principle, we have
|uε| ≤ ‖u‖L∞ ≤ c.
Second, let us make the BV estimates on uε .
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Theorem . Let uε be the solution of equation (.) with initial-boundary conditions
(.)-(.). If the assumptions of Theorem . are true, then
|graduε|L() ≤ c,
where |gradu| =∑Ni= | ∂u∂xi | + | ∂u∂t |, c is independent of ε, and independent of t.
Proof Diﬀerentiate (.) with respect to xs, s = , , . . . ,N ,N + , xN+ = t, and sum up for s
aftermultiplying the resulting relation by uεxs
Sη(|graduε |)
|graduε | . In the following, we simply denote
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(|gradu|)ni dσ . (.)
From (.)-(.), by the assumption aij(,x, t) = , and so

































































ni dσ . (.)
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q q · · · qN+
q q · · · qN+
...

































































































We will use the fact that, on , u = ,
–biu(,x, t)
∂u










to calculate the surface integrals in (.). Equation (.) involves the derivatives on the
boundary; let us give some explanation in terms of the concept of the local coordinates.
Let δ >  be small enough that
Eδ =
{





where Vτ is a region, on which one can introduce local coordinates
yk = Fkτ (x) (k = , , . . . ,N), yN | = ,
with Fkτ appropriately smooth and FNτ = FNl , such that the yN -axis coincides with the nor-
mal vector. Since the domain is bounded, there exists ﬁnite Vτ , τ = , , . . . ,n, such that⋃n
τ=Vτ ⊃ .
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Using these local coordinates on Vτ , τ = , , . . . ,n, by elementary computations (refer














By this formula, what (.) means is clear.












































































































































uxixjnjni –u = uym
( FmxixjFNxj FNxi





Using Lemma ., one is able to deduce that limη→ S can be estimated by |gradu|L().
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by the well-known Gronwall lemma, we have
∫

|gradu|dxdt ≤ c. (.)
By (.), it is easy to show that
∫∫
QT
aij(u,x, t)uxiuxj dxdt ≤ c. (.)

Now we put back the solution of equation (.) as uε . Then by (.)-(.), there exist
a subsequence {uεn} of uε and a function u ∈ BV(QT )∩ L∞(QT ) such that uεn → u a.e. on
QT , we can simply denote this subsequence as {ε} itself; there exist functions gi ∈ L(QT )




⇀ gi, in L(QT ).
Proof of Theorem . We now prove that u is a generalized solution of (.)-(.)-(.). Let
ϕ ∈ C(QT ), ϕ ≥ , suppϕ ⊂  × (,T), ∇ϕ| = , and {ni} be the inner normal vector
























ϕSη(uε – k)dxdt. (.)




∂t ϕSη(uε – k)dxdt = –
∫∫
QT
















Sη(uε – k)∇ϕ + ϕS′η(uε – k)∇uε
]
dxdt






∇uε · nϕ dt dσ – ε
∫∫
QT























































































bi(uε ,x, t) – b(k,x, t)
]





bi(uε ,x, t) – bi(k,x, t)
][∂ϕ
∂xi


















Biη(uε ,x, t,k)ϕxi dxdt. (.)
From (.)-(.), we have
∫∫
QT
Iη(uε – k)ϕt dxdt +
∫∫
QT
Aijη(uε ,x, t,k)ϕxixj dxdt –
∫∫
QT




∇uε · ∇ϕSη(uε – k)dxdt – ε
∫∫
QT










aijxj (s,x, t)Sη(s – k)dsϕxi dxdt





































bi(,x, t) – bi(k,x, t)
]
niϕ dt dσ = . (.)

























































































aijxj (s,x, t)dsϕxi dxdt. (.)
For ∇ϕ| = , and by aij(,x, t) = , from (.)-(.), we have
∫∫
QT
Iη(uε – k)ϕt dxdt +
∫∫
QT
Aijη(uε ,x, t,k)ϕxixj dxdt –
∫∫
QT

















































∇uε · ∇ϕSη(uε – k)dxdt –
∫∫
QT









niϕ dt dσ ≥ . (.)

















∣∣gi∣∣S′η(u – k)ϕ dxdt. (.)
Let ε →  in (.). By (.), we get (.) and (.) is naturally concealed in the limiting
process.
The proof of (.) is similar to that in [, ], we omit the details here. 
3 Proof of Theorem 1.3
Lemma . Let u be a solution of equation (.). Then
∫ u+
u–
γ ij(s,x, t)ds · vi = , a.e. (x, t) on u, j = , , . . . ,N ,
is true in the sense of Hausdorﬀ measure HN (u).
The proof is given in Section  as follows.
Proof of Theorem . Let u, v be two entropy solutions of equation (.) with diﬀerent
initial values
u(x, ) = u(x), v(x, ) = v(x), (.)
andwith the same homogeneous boundary value γu(x, t) = γ v(x, t) = , (x, t) ∈ × (,T).
By Deﬁnition ., for any ϕ,ϕ ∈ C(QT ), ϕ ≥ , ϕ|∂×[,T] = ϕ|∂×[,T], suppϕ,




Iη(u – k)ϕt – Biη(u,x, t,k)ϕxi +Aijη(u,x, t,k)ϕxixj










aijxj (s,x, t)Sη(s – k)dsϕxi dxdt
+ Sη(k)
[



























Iη(v – l)ϕτ – Biη(v, y, τ , l)ϕyi +Aijη(v, y, τ , l)ϕyiyj
– S′η(v – l)
N∑
i=







aijyj (s, y, τ )Sη(s – l)dsϕyi dxdt
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+ Sη(l)
[












bi(v, y, τ ) – bi(, y, τ )
)
ϕyi
+Aij(v, y, τ )ϕyiyj +





aijyj (s, y, τ )dsϕyi
]
dydτ ≥ . (.)













aijxj (s,x, t)Sη(s – k)dsϕxi dxdt
]




Iη(v – l)ϕτ – Biη(v, y, τ , l)ϕyi +Aijη(v, y, τ , l)ϕyiyj – S′η(v – l)
N∑
i=






aijyj (s, y, τ )Sη(s – l)dsϕyi dxdt
]
dydτ ≥ . (.)
Let ψ(x, t, y, τ ) = φ(x, t)jh(x – y, t – τ ). Here φ(x, t)≥ , φ(x, t) ∈ C∞ (QT ), and
jh(x – y, t – τ ) = ωh(t – τ )
N∏
i=







, ω(s) ∈ C∞ (R), ω(s)≥ ,









Then we choose k = v(y, τ ), l = u(x, t), ϕ = ψ(x, t, y, τ ) in (.), (.), integrate over QT ,






Iη(u – v)(ψt +ψτ ) –
(
Biη(u,x, t, v)ψxi + Biη(v, y, τ ,u)ψyi
)





aijxj (s,x, t)Sη(s – v)dsψxi +
∫ v
u
aijyj (s, y, τ )Sη(s – u)dsψyi






∣∣gi(v, y, τ )∣∣
)
ψ dxdt dydτ ≥ . (.)




























η(u,x, t, v) = sgn(u – v)
(







η(v, y, τ ,u) = sgn(v – u)
(
bi(v, y, τ ) – bi(u, y, τ )
)
,


















bi(u,x, t) – bi(v, y, τ )
]








bi(v, y, τ ) – bi(v,x, t)
]
φxi jh dxdt dydτ ,


















bi(u,x, t) – bi(v,x, t)
]
φxi dxdt. (.)




















































η(s – u)dsuxiφjh dxdt dydτ .








Aijη(u,x, t, v)(φxixj jh + φxi jhxj + φjhxixj )









Aijη(u,x, t, v)(φxixj jh + φxi jhxj ) –Aijη(v, y, τ ,u)φxi jhxj

















































aijxi (σ ,x, t)Sη(σ – v)φjhxj dσ dxdydt dτ
= I + I – I. (.)

























S′η(u – v)gi(u,x, t)gi(v, y, τ )ψ dxdt dydτ
= I + I. (.)











γ kjyj (u, y, τ ) sgn(v – u)γ






γ kjxj (u,x, t) sgn(v – u)γ


















aijyj (s, y, τ ) – a
ij
yj (u, y, τ )
]
Sη(s – u)dsuxiφjh dxdt dydτ







































η(u,x, t, v) = lim
η→A
ij
η(v, y, τ ,u) = sgn(u – v)
(







Aijη(u,x, t, v)φxi jhxj –Aijη(u, y, τ , v)φxi jhyj
)
= . (.)











bixi (s,x, t) – bixi (v,x, t)
]
S′η(s – v)ds + bixi (v,x, t) sgn(u – v)






biyi (s,x, t)S′η(s – u)ds = biyi (v,x, t) sgn(v – u). (.)
Combing (.)-(.), and letting η → , h→ , we get
∫∫
QT
{∣∣u(x, t) – v(x, t)∣∣φt – sgn(u – v)
(
bi(u,x, t) – bi(v,x, t)
)
φxi
+ sgn(u – v)
(









aijxj (s,x, t) sgn(τ – u)dτφxi – bixi (v,x, t) sgn(u – v)φ
– biyi (u,x, t) sgn(v – u)φ
}
dxdt ≥ . (.)






|y|– , if |y| < ,
, if |y| ≥ ,

















Especially, we can choose φ in (.) by
φ(x, t) = ωλε(x)η(t),
where η(t) ∈ C∞ (,T), ωλε(x) is deﬁned as follows. Let ωλ(x) ∈ C() be a function satis-
fying, for any given small enough  < λ, ≤ ωλ ≤ , ω|∂ = , and
ωλ(x) = , if d(x) = dist(x, ∂)≥ λ,














ω′λ(d – s)δε(s)ds = –
∫
{|s|<ε}∩{<d–s<λ}










































using the conditions |dxixj | ≤ c, and using the fact of that |∇d| = , noticing that
sgn(u – v)
(
Aij(u,x, t) –Aij(v,x, t)
)
dxidxj = |u – v|aij(ζ ,x, t)dxidxj ≥ , (.)
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where ζ ∈ (v,u). Then by (.), from (.), we have
∫∫
QT







∣∣|u – v|dxdt ≥ , (.)
where λ = {x ∈  : d(x, ∂) < λ}.
According to the deﬁnition of the trace (.), let λ →  in (.). By (.)-(.), we
have
c essup×(,T)
∣∣f (x, t) – g(x, t)∣∣ +
∫∫
QT
∣∣u(x, t) – v(x, t)∣∣η′t dxdt ≥ . (.)




αε(σ )dσ , ε < min{τ ,T – s}.
Here αε(t) is the kernel of the molliﬁer with αε(t) =  for t /∈ (–ε, ε). Then
c essup×(,T)




αε(τ – t) – αε(s – t)
]|u – v|L() dt ≥ .
Let ε → . Then
∣∣u(x, s) – v(x, s)∣∣L() ≤
∣∣u(x, τ ) – v(x, τ )∣∣L() + c essup×(,T)
∣∣f (x, t) – g(x, t)∣∣
and the desired result follows by letting τ → . 
4 The proof of (3.12)
To prove (.), we have to make some basic calculations. By the properties of the BV






































































su+ – ( – s)u–,x, t
)




γ kj(σ , y, τ )S′η
(






γ kixi (δ,x, t)
∫ v
δ



















γ kj(σ , y, τ )S′η
(






γ kixi (δ,x, t)
∫ v
δ
γ kj(σ , y, τ )S′η(σ – δ)dδ dσ
]
dxdt dydτ
= J– + J. (.)











σ – su+ – ( – s)u–
)
uxi dσ ds
= γ ik(u,x, t)
[
γ kj(v, y, τ )S′η(v – u)uxivyj +
∫ v
u
γ kjyj (σ , y, τ )S
′





γ ik(δ,x, t)dδ –
∫ u
v









γ kjyj (σ , y, τ )dσ
]
S′η(v – u) + γ ik(u,x, t)uxi
∫ v
u






















γ ikxi (δ,x, t)dδ∂yj
∫ v
u




γ ikxi (δ,x, t)dδ
∫ v
u
γ kjyj (σ , y, τ )dσS
′
η(v – u)
+ γ ik(u,x, t)uxi
∫ v
u
γ kjyj (σ , y, τ )S
′
η(σ – u)dσ
















γ kj(σ , y, τ )S′η(σ – δ)dσ dδψ dxdt dydτ
= J + J + J + J + J + J. (.)
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γ kj(σ , y, τ )S′η
(






γ ikxi (δ,x, t)
∫ v
δ



















γ kj(σ , y, τ )S′η
(

























dδ dxdt dydτ = J + J. (.)
Comparing (.) to (.), one has
























aij(σ , y, τ )S′η
(













γ ik(δ,x, t)dδ · ∂yj
∫ v
u






















aij(σ , y, τ )S′η
(




dxdt dydτ + J. (.)























σ – su+ – ( – s)u–
)
dσ ds






γ ik(σ , y, τ )γ kj(σ , y, τ )S′η
(








su+ + ( – s)u–,x, t
)∫ v
su++(–s)u–
γ ik(σ , y, τ )
· S′η
(
















γ kjyj (σ , y, τ )dσS
′
η(v – u)
– S′η(v – u)
[∫ u
v
γ ikxi (δ,x, t)dδ · ∂yj
∫ v
u




γ ikxi (δ,x, t)dδ
∫ v
u
γ kjyj (σ , y, τ )dσ
]




γ kjyj (σ , y, τ ) – γ
kj
yj (u, y, τ )
]
S′η(σ – u)dσ
+ γ ik(u,x, t)uxiγ kjyj (u, y, τ )Sη(v – u)
}




su+ + ( – s)u–,x, t
)[
γ ik(σ , y, τ ) – γ kj
(




σ – su+ – ( – s)u–
)
jhxj




su+ + ( – s)u–,x, t
)











su+ + ( – s)u–,x, t
)




σ – su+ – ( – s)u–
)
· [γ kj(σ , y, τ ) – γ kj(su+ + ( – s)u–,x, t)]jhxj
+
[
γ kj(σ , y, τ ) – γ kj
(




σ – su+ – ( – s)u–
)
· [γ kj(su+ + ( – s)u–,x, t) – γ kj(σ , y, τ )]jhxj
+
[
γ kj(σ , y, τ ) – γ kj
(
su+ + ( – s)u–,x, t
)]
· [γ ik(σ ,x, t) – γ ik(su+ + ( – s)u–, y, τ)]jhxj
· S′η
(
σ – su+ – ( – s)u–
)
.
Now, by limη→ sS′η(s) = , by (.), and limh→ ω′h(s)s+δ = , as η → , h → , every







γ kjxj (u,x, t) sgn(v – u)γ
ik(u,x, t)uxiφ dxdt,
so we have (.).
5 Proof of Lemma 3.1
Let u be a solution of equation (.) in the sense of Deﬁnition ., we want to prove
∫ u+
u–
γ ij(s,x, t)ds · vi = , a.e. (x, t) on u, j = , , . . . ,N . (.)









(x, t) ∈ u, v (x, t) + · · · + vN (x, t) > 
}
.
First we prove H() = . Since any measurable subset of  can be expressed as the
union of Borel sets and a set of measure zero, it suﬃces to prove
H(U) = ,
where U is a Borel subset of . We may suppose U is compact. By Lemma .. in [],













f (x, t) ∂u
∂xi
, (.)



















ut+(x, t) – ut–(x, t)
)
vi dHt .
















ut+(x, t) – ut–(x, t)
)
vti dHt .








ut+(x, t) – ut–(x, t)
)
vti dHt = .
Choose f (x, t) = χu(x, t) sgn(ut+(x, t) – ut–(x, t)) sgn vti , where χu(x, t) denotes the character-







ut+(x, t) – ut–(x, t)
)(∣∣vt
∣∣ + · · · + ∣∣vtN
∣∣)dHt = , (.)




ut+(x, t) – ut–(x, t)
)(∣∣vt
∣∣ + · · · + ∣∣vtN
∣∣)dHt = ,
and hence, for almost all t ∈G,
vt = · · · = vtN = ,
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Ht-almost everywhere on Ut , which is impossible unless mesG = .
For any α, β with  < α < β < T , we choose ψl(t) ∈ C∞ (,T) such that
≤ ψl(t)≤ , liml→∞ψl(t) = χ[α,β](t), ∀t ∈ [,T].
By [], we can choose ϕn ∈ C∞ (QT ) such that
∣∣ϕn(x, t)
∣∣ ≤ , lim










Now, recalling that Aij(u,x, t) =
∫ u




























































Aij(u,x, t)ϕnxixj (x, t)ψl(t) –
∫ u

aijxi (s,x, t)dsϕnxj (x, t)ψl(t)
]
dxdt.

















Aij(u,x, t)ϕnxixj (x, t)χ[α,β](t) –
∫ u

aijxi (s,x, t)dsϕnxj (x, t)χ[α,β](t)
]
dxdt.
Clearly, this equality also holds if [α,β] is replaced by (α,β) and hence it holds even if
[α,β] is replaced by any open set I with I ⊂ (,T). SinceG is a Borel set, by approximation
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Aij(u,x, t)ϕnxixj (x, t)χG(t) –
∫ u

aijxi (s,x, t)dsϕnxj (x, t)χG(t)
]
dxdt.




















u+(x, t) – u–(x, t)
)
vt dH = ,
which implies H(U) =  and H() =  by the arbitrariness of U .
Next, we prove that (.) is true in . Let U be any Borel subset of  which is compact
in QT . Since U is a set of N + -dimensional measure zero and ∂∂xi A



















vi dH = , i = , . . . ,N .
By the arbitrariness of U , it follows by the deﬁnition of  that
∫ u+
u–








γ ij(s,x, t)ds · vi = , a.e. on .
Thus the lemma is proved.
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Appendix 1: The boundary condition on Deﬁnition 1.1
Clearly, if (.) and (.) are both true, equation (.) is not only degenerate in the interior
of , but also degenerate on the boundary  = ∂ of . If equation (.) is weakly degen-
erate, we can impose the boundary condition (.) usually, one may refer to [, –, ,
]. But if equation (.) is strongly degenerate, it even is allowed to be completely degen-
erate, global solutions are in general discontinuous, the boundary condition (.) is not
necessarily satisﬁed in the classical sense that a trace of the solution exists and equals the
homogeneous value on . Now, we give a very brief reviewing of the international way of
how to deal with this problem.
In the completely degenerate case, equation (.) becomes a ﬁrst order hyperbolic equa-
tion and it is well known that a smooth solution of equation (.) is constant along themax-
imal segment of the characteristic line in QT . Now suppose that this segment intersects
both {} ×  and . Then the problem (.)-(.)-(.) would be overdetermined if (.)
was assumed in the classical sense. Thus one needs to work within a suitable framework
of entropy solutions and entropy boundary conditions to obtain uniqueness and existence
results. In the BV setting, Bardos et al. [] ﬁrst gave an interpretation of the bound-
ary condition (.) as an ‘entropy’ inequality on , which is the so-called BLN condition.
However, since the trace of solutions is involved in the formulation of the BLN condition,
it makes no sense if the solution is merely in L∞. Otto [] extended the Dirichlet prob-
lem for hyperbolic equations to the L∞ setting and proved a unique entropy solution by
introducing an integral formulation of the boundary condition.
For degenerate parabolic equations, the isotropic diﬀusion case, (aij) = a(u)I , ﬁrst had
been developed around . Besides the works in [–, ], Carrillo [] succeeded
in proving the uniqueness and existence of entropy solutions under the homogeneous
boundary condition, later Mascia et al. [] and Michel and Vovelle [] extended those
results to the case of a nonhomogeneous boundary condition. At the same time, Kobayasi
[] proved the uniqueness by using the kinetic formulation introduced in [, ]. The
initial-boundary value problem of the anisotropic case is more delicate and has been
treated in more recent years. Bendahmane and Karlsen treated in [] (also see [, ])
a class of doubly nonlinear degenerate parabolic equations with homogeneous Dirich-
let boundary conditions. Kobayashi and Ohwa treated in [] the general anisotropic case
with nonhomogeneous boundary condition in the unitN-dimensional cube, while, Li and
Wang treat in [] the isotropic case with homogeneous boundary condition in a general
bounded domain. In other words, in all these works, in the international way, the bound-
ary condition is not directly shown as (.) but is elegantly implicity contained in family
entropy inequalities (for example, []), or it is treated in a special weak sense such as [].
The most characteristic feature lies in that the boundary condition can be treated in the
L∞ setting, and the uniqueness of the entropy solutions can be obtained. So, if we consider
the Cauchy problem of equation (.), the international way has great superiority.
Unlike the international way, the Chinese way still treats the boundary condition in the
classical sense, so it requires that the solution is regular at least in the BV sense. If the
solution is only in the L∞ setting, it cannot be treated in the Chinese way. Certainly, as we
have said before, the Chinese way has the advantages that it clearly shows the condition
(.) generally is overdetermined, and only a portion of the boundary should be given
the boundary value as we have shown in Theorem .. In the following, we will give an
explanation of the reasonableness of homogeneous value condition (.).
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In the -s, Fichera [, ] and Oleıˇnik [, ] developed and perfected the
general theory of second order equations with nonnegative characteristic form, which,
in particular contain those degenerating on the boundary. We can call it Fichera-Oleıˇnik












+ c(x)u = f (x), x ∈ ˜ ⊂RN+, (A.)
if one wants to consider the Dirichlet boundary value problem of equation (A.), one only
needs to give a partial boundary condition. In detail, let {ns} be the unit inner normal
vector of ∂˜ and denote
 =
{









x ∈ ∂˜ : arsnsnr > 
}
.
Then, to ensure the well-posedness of equation (A.), Fichera-Oleıˇnik theory tells us that
the suitable boundary condition is
u|∪ = g(x). (A.)
In particular, if the matrix (ars) is positive deﬁnite, (A.) is just the usual Dirichlet bound-
ary condition.
Now, for the porous medium equation (.), or the general reaction-diﬀusion equation
ut =A(u), (A.)
with the existence of A–, in other words, equation (A.) is weakly degenerate, then let





t = . (A.)
According to Fichera-Oleıˇnik theory, we know that we can impose the Dirichlet homo-
geneous boundary condition (.). For the boundary layer equation (.), if the domain
 = { < τ < T ,  < ξ < X,  < η < }, then comparing equation (.) with equation (A.),
according to Fichera-Oleıˇnik theory, the initial and the boundary conditions for w have
the form
w|τ= = w(ξ ,η), w|η= = ,
(
νwwη – vw + c(τ , ξ )
)∣∣
η= = , (A.)
where ν is the viscous coeﬃcient, v and c(τ , ξ ) are known functions, one may refer to []
for the details.
But, if equation (.) is strongly degenerate, then the inversematrix (aij)– is not-existent,
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the domain is a cylinder  × (,T). If we let t = xN+ and regard the degenerate parabolic










From this observation, according to Fichera-Oleıˇnik theory, the initial value condition (.)
is always necessary, but on the lateral boundary ∂ × (,T), by aij(,x, t) = , equation
(A.) is not only strongly degenerate in the interior of , but also on the boundary ∂.
Then  is an empty set. While
b˜s(x, t) =
{
biu(u,x, t) + aiju(u,x, t) ∂u∂xj + a
ij
xj (u,x, t), ≤ s = i≤N ,
–, s =N + .
The portion of the boundary on which we can give the boundary value is
p =
{
x ∈ ∂ :
(
biu(,x, t) + aiju(,x, t)
∂u
∂xj
+ aijxj (,x, t)










x ∈ ∂ : biu(,x, t)ni(x) < 
}
, (A.)
where {ni} is the unit inner normal vector of ∂.
However, due to the strongly degenerate property of (aij(u,x, t)), equation (A.) gener-
ally only has a weak solution u, for example in our paper, u ∈ BV, we cannot deﬁne the
trace of ∂u
∂xi on ∂. Fortunately, only if bi(s,x, t) is derivable, then
p =
{
x ∈ ∂ : biu(,x, t)ni(x) < 
}
, (A.)
has a deﬁnite sense. In the following, we will show that p of (A.) is in accordance with
(.) in a special weak sense.
Recalling that, for any η > , ∀k ∈ R, n = {ni} is the inner unit normal vector of  = ∂,























ηk ,  =\. (A.)
We know that the boundary condition of equation (.) used in our paper is
γu|×(,T) = . (A.)
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In fact, by the deﬁnition of ηk , we know that
 < Sη(k)
[
bi(,x, t) – bi(k,x, t)
]
ni(x) = –kSη(k)b′i(ζ ,x, t)ni(x),
where ζ ∈ (k, ), b′i(ζ ,x, t) = biu(u,x, t)|u=ζ . If we let η → , then
b′i(ζ ,x, t)ni(x) < .
Let k → . We know that
b′i(,x, t)ni(x) < ,
which is in accordance with (A.).
Appendix 2: The comments on Deﬁnition 1.1
To explain the reasonableness of Deﬁnition ., suppose that equation (.) has a classical
solution u. For any ϕ ∈ C(QT ), ϕ ≥ , ∇ϕ| = , suppϕ ⊂  × (,T), k ∈ R, η > .
Multiplying (.) by ϕSη(u – k) and integrating over QT , we have
∫∫
QT
Iη(u – k)ϕt dxdt +
∫∫
QT









































bi(,x, t) – bi(k,x, t)
]
niϕ dt dσ = . (B.)























































Aij(,x, t)ϕxinj dt dσ


















aijxj (s,x, t)dsϕxi dxdt. (B.)
For ∇ϕ| = , and by Aij(,x, t) = , from (B.)-(B.), we have
∫∫
QT
Iη(u – k)ϕt dxdt +
∫∫
QT





































aijxj (s,x, t)dsϕxi dxdt –
∫∫
QT
















bi(,x, t) – bi(k,x, t)
]
niϕ dt dσ . (B.)
Now, we give some comments.
(i) First, the classical solution u induces an integral equality (B.), while the weak solu-




Iη(u – k)ϕt – Biη(u,x, t,k)ϕxi +Aijη(u,x, t,k)
∂ϕ
∂xi ∂xj









































bi(,x, t) – bi(k,x, t)
)
niϕ dt dσ (B.)
which is just an inequality, this is due to the following weak convergence property: assum-




inf‖fk‖qLq(U) ≥ ‖f ‖qLq(U), (B.)
which has been quoted before as Lemma ..
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Generally, inequality (B.) cannot be an equality. This is why we can only deﬁne the
weak solution as (.) (i.e. (B.)) instead of (B.).
(ii) Second, Deﬁnition . is equivalent to the following.
DeﬁnitionB. A function u is said to be the entropy solution of equation (.)-(.)-(.),
if:




gi(x, t)ϕ(x, t)dxdt =
∫∫
QT
γ̂ ij(u,x, t)ϕ(x, t) ∂u
∂xj
dxdt,
where ϕ(x, t) ∈ L(QT ), (γ ij) is the square root of (aij), and





su+ + ( – s)u–,x, t
)
ds.




Iη(u – k)ϕt – Biη(u,x, t,k)ϕxi +Aijη(u,x, t,k)
∂ϕ
∂xi ∂xj











aijxj (s,x, t)Sη(s – k)dsϕxi dxdt ≥ . (B.)
. The boundary value is satisﬁed in the sense of the trace,
γu|ηk×(,T) = .





∣∣u(x, t) – u(x)
∣∣dx = .
Comparing with Deﬁnition ., Deﬁnition B. seems simpler; the reason we choose to
adopt Deﬁnition . is that the inequality (.) clearly shows the partial-boundary condi-
tion, and the deﬁnition can be used to deal with the corresponding problem if we have
equation (.) with no homogeneous boundary value condition.













aijxj (s,x, t)Sη(s – k)dsϕxi dxdt ≥ . (B.)
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aijxj (s,x, t) sgn(s – k)dsϕxi dxdt ≥ . (B.)
Inequality (B.) is the entropy solution deﬁned in [–]. In other words, there was a
time that the term –S′η(u– k)
∑N
j= |gj|ϕ dxdt was regarded as ‘redundant’ and was drawn
away. Actually, we have seen that the term implies very important information on the
uniqueness.






∂x , (x, t) ∈R× (,T), (B.)
Vol’pert and Hudjaev in [] deﬁned u ∈ BV(QT ) ∩ L∞(QT ) is said to be a weak solution
of (B.), if ∂A(u)






















dxdt ≥ . (B.)
We know that only under the condition ∂A(u)
∂x ∈ L∞(QT )∩ BVx(QT ) the uniqueness of the
solutions in the sense of (B.) is true.
However, in the present case of strong degeneration, since for the limit function u of
certain subsequence of {uε}, ̂aij(u,x, t) ∂u∂xj cannot be deﬁned by the trace γ ( ̂aij(u,x, t) ∂u∂xj )
on , we have to make a detour to avoid γ ( ̂aij(u,x, t) ∂u
∂xj ) in deﬁning the entropy solution.
So, an essential improvement of our paper (also [–]) is to get the uniqueness of the
solutions without any bounded restrictions in ∂A(u)
∂x .
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